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The 1dea of ranking geometry theorems

Wos Research Problem 31 (1988)

What properties can be 1dentified to permit an automated reasoning program to
find new and interesting theorems, as opposed to proving conjectured theorems?

Also studied by
Colton and Bundy (2000)
Puzis, Gao and Sutcliffe (2006)
Gao, Goto and Cheng (2015)
Gao, L1 and Cheng (2019)
Quaresma and Graziani (2023)



We present a new GeoGebra Discovery command, ShowProof, which
provides

* a certified step-by-step algebraic proof, and
* complexity grade of planar geometry theorems.

The output 1s available in multiple languages (English, Arabic, French ,
German, Hebrew, Hungarian, Italian, Spanish and Turkish ) and can be
exported as plain text to a

 Mathematica,
* Maple or
* Giac
format for further analysis.



Why are we interested in
proof certificates, complexity degree
computations?



a) improving the performance of GeoGebra regarding the
grade of the addressed problems,

b) or by selecting, in the Discover or Automated
Geometer command output, to exhibit only interesting
theorems, avoiding obvious, trivial ones, etc.

c¢) adapting GeoGebra’s reasoning tools to the needs of
students with special needs,

d) analyzing the potential role of GeoGebra concerning
geometric problems posed in mathematical contests, such
as the mathematical Olympiads, etc.



e¢) Providing benchmarks for Data Science
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Even if the question (defining “interesting results” for automated
methods to take into consideration) goes back to 1988, 35 years ago, is
now urgent and new because

--other colleagues are approaching the same 1ssue, with a different
perspective

--we have a tool that produces automatically geometric statements, it 1s
necessary to have a tool to select them

--colleagues are approaching the automated production of, say, olympiad
problems, so “measuring’ its difficulty could be relevant

--likewise, we could apply our approach to assessing teachers on the
selection of mathematical problems adapted (their difficulty) to students
with special needs.



Ranking geometry theorems
Our proposal — via algebraic geometry

Difficulty:
Comparison of
the expression of thesis
in terms of
the expression of the hypotheses



Input and output
Given:

* Free pomts F1, F2, . . ., Fm and constructed (dependent) points D1, D2, . . ., Dn
via construction steps (hypotheses) hl, h2, .. .(as multivariate polynom1als

over Q).

* A geometric statement (thesis) t (as a multivar. poly over Q).

* Expected: to get a machine generated readable proof for hl, h2, ... =t.

* Output: If required, some additional hypotheses (non-degeneracy conditions)
hr are detected, and it is certified with polynomials f1, {2, ..., f {r+1} that

fl-hl +. ..+ fr-hr+f {r+1}(tz—1) =1

where f1 are polys 1n the slack variable z and 1n the variables appearing in the
hypotheses egs. (Proof by contradiction: 0= 1.)



Triangle A (al,a2), B(bl,b2), C(cl,c2)
Hypothesis: Right angle at A
AB perpendicular to AC: (al-bl)*(al-cl)+(a2-b2)*(a2-c2)

>Expand:
al”2 - al*bl -al*cl +a272 - a2*b2 - a2*c2 + bl*cl +
b2*c2
Thesis: Pythagoras’ Th.
(al-bl)"2+(a2-b2)"2+ (al-c1)*2+(a2-c2)"2=(c1-b1)"2+(c2-b2)"2

> Expand: (al-b1)*2+(a2-b2)"2+ (al-cl1)"2+(a2-c2)"2-((c1-b1)"2+(c2-b2)"2)

2*al™2 —2*al*bl - 2*al*cl + 2*a2”2 - 2*a2*b2 - 2*a2*c2 + 2*bl*cl +
2*b2*c2

Thesis= 2* Hypothesis
(complexity 0)



Proof by contradiction:
Hypotheses+ Negation of Thesis = 1

1= z* 2*hypothesis-(thesis*z-1)

Here, complexity 1.



NIEN BN - IPANNEIE )

D A=(797.19) ZAJ 1 LetA, B be arbitrary points. 1 # ACS
2 Let fbe the perpendicular bisector of AB.
D B=(403.-139) 3 LetCbeapointonf.
f : PerpendicularBisector(A, B, 4 Letgbethe sogmentA, C.
(A.B)
b 3.08x + 33y — 2453 5 Leth be the segment B, C.
— -394x + 3.3y = 24.
cd 6 Prove thatg = h.
) C = Point(f) 7 The statement is always true.
_ ® 8 We prove this by contradiction.
(-4.32,2.28)
9 noted by (v1
) & = Segment(A.C)
— 367 11 Considering definition f = i , Bl
. h = Segment(B.C) : 12 el:2v5—-v3-vl =0
~ el: —vl—-v3+2v5=0

— 367
€2:2vb-vd-v2 =0

3 nput - €2: —v2—va+2v6=0
e3:vB-vb—vE+vl = 0
— e3:vl—v5—vb+v8=10
ed VT +vb—vE—v2 = 0
— ed: —v2—v5+vb+v7 =0
16 Considering definition C = Point[f]:
17 L C
€5: —vIv8 + vI0 VT +vIvh —v7T w6 —vIO V5 +vBv5 = 0
— €5: —v10v5+vI0v7 +v5v8 —v6v7 +v6v9 —vBvI =0
19 Thesis reductio ad absurdum (denied statement):

€6 —1+2vI1vI0vé — vl vé® + 2vI1vOv3 — vI1 w3 — 2v11v10 w2 4 vI1v2® — 2v11vO vl +vi1vl? =
20
~ €6:v11v2® — v11v3? — v11v8? 4 v1® vl ~ 2v1vI1v9 — 2v10v1lv2+42v10vIlvd +2v11v3v9 ~1=0

2
22 {v1=10v2=0}
~ {v1=0,v2=0}
23 All hypotheses and the negated thesis after substitutions:
s1:2v5—-v3 =10
24
~ sl: —v3+2v5=0
s2:2v6—v4 =0
25
— 52: —v4+2v6=0
s3:vB—v6—v5 =0
26
~ s3: —v5—vb+v8=0
s4:v7+v6—v5 = 0
— s4: —v5+ V6 +v7 =0
2 s5: —vOVvB +vIOVT +vOv6 —v7 v6 —vIO V5 +vBvS = 0
~ s5: —v10v5 +v10v7 +v5v8 —vb v7 +v6 v —vBvI =0

$6:-1+2v11vI0vd — vI1va® + 2v11v9v3 —vI1v3 = 0
# ~ $6: ~v11v3® — v11v4® +2v10v11va+2vI1v3v9 ~1=0
30 Now we consider the following expression:
31 s1(v11v3 —v11vé +2v11v8 —2v11v8)+ 52 (~2v10v11 +v11v3 +v11vd — 2v11v7)+ 53 (2v11v3 — 4 v11vO) + 54 (4 v10 v11 — 2 w11 vé) + 55 (—4 v11) +s6 (-1}
- 1=0
Contradiction! This proves the original statement.
The statement has a difficulty of degree 2.

Without loss of generality, some coordinates can be fixed:

27

3!
3

(23]

"
Q
Q



> restart:with(PolynomialIdeals):

>
> tesis:=v1A2- 2%vl*vO - 2%v10*v2 + 2*v10*vd + v2+2 - v342 + 2%y3*v9 - v4*r2;-v1-v3+2*v5,-v2-
v4+2*v6 ,v1-v5-v6+v8,-v2-v5+v6+v7, -v10*v5+v10*v7+v5*v8-v6*v7+v6*vi-v8*v9 ,vl1l*v242-v1l*v3*2-
v11l*vaAr24v1l*vlAr2-2*%yll*vl*v9-2*v10*v1l*v2+2*v10*vll*v4+2*v1l*v3*v9-1;
tesis = vI*> — 2vIv9 —2vI0v2 + 2vI0vd + v?* — v3 4+ 2v3v9 — va
-vI—-v34—2vi-ﬂQ-—v44—2v@\d-—v5—-v64—v&-ﬂQ-—v54-v64-vZ-440v5-kv10v74—v5v8—-v6v74—v6v9——v8v2\JI\JZ 1.1)

— 2vI1vIv9 —2vI0vIIv2 4+ 2vI0vi] v4 + viI v — vIIv3* + 2vIIv3v9 —viIv# — 1

_> tesis*vll-1;

(v —2vIv9 —2vI0v2 +2vI0vd +v2* —v3* +2v3v9 — vé) vil — 1 (1.2)
> simplify (%- (v11*v242-v11*v342-v11*v4*2+v1l*v1t2-2*v1l*vl*v9-2*v10*v1l*v2+2*v10*v1l*v4+2*v1l*
v3*v9-1));

0 (1.3)
> hipo:=<-v1-v3+2*v5,-v2-v4+2*v6,v1-v5-v6+v8 ,-v2-v5+v6+v7, -v10*v5+v10*v7+v5*v8-v6*v7+v6*vI-v8*
v9>;
hipo == (-vI —v3 +2v5, -v2 —v4 +2v6, vl —v5 —v6 + V8, -v2 —v5 +v6 +v7, -vIOv5S +vIOv7 +v5v8 —v6v7 + v6v9 — v8v9) (1.4)

> tesis in hipo;
true (1.5)
'> 1 in <-v1 - v3 + 2*y5, -v2 - v4 + 2*v6, vl - v5 - v6 + v8, -v2 - v5 + v6 + v7, -v10*v5 + v10*
v7 + v5*v8 - v6*v7 + v6*v9 - v8*v9, v10*v5+v10*v7+v5*v8-v6*v7+v6*vI-v8*v9 , vlil*v242-v1l*v3*r2-
v1l*v4*r2+4v1l*v1*A2-2*%yll*v1*v9-2*v10*v1l*v2+2*v10*v1l*v4+2*v1l*v3*v9-1>;
true 1.6)

=> HilbertDimension (hipo) ;
5 a.7)
=> EliminationIdeal (hipo,{vl,v2,v3,v4,v10}) ;EliminationIdeal (hipo,{vl,v2,v3,v4,v9});
(0)
(0) (1.8)




=> with (Groebner): F:=[-v1l-v3+2*v5,-v2-v4+2*v6,vl1-v5-v6+v8, -v2-v5+v6+v7, -v10*v5+v10*v7+v5*v8-

v6*v7+v6*v9-v8*v9] ; nops(F) ;G, C := Basis(F, tdeg(vl,v2,v3,v4,v5,v6,v7,v8,v9,v10), output =
extended) ;nops (C) ;
F:=[-vI—v3+2v5 -v2—v4+2v6,vI —v5 —v6+ V8 -v2—v5+v6+v7, -vIOv5 +vIOv7 +v5v8 —v6Vv7 + v6v9 — v8VvI]

5
GC:=[-V5§—Vv6+v7+v4 -v5+v6—v8+Vv3,v2+v5—v6—v7,vl —v5—v6+ V8 vIOv5 —vIOv7 —v5v8 +v6Vv7 — v6 V9
+v8v9], ([0, —1,0,1,0],[—1,0, —1,0,0], [0,0,0, —1, 0], [0,0,1,0,0], [0,0,0,0, —1]]
5

> NormalForm(tesis, G, tdeg(vl,v2,v3,v4,v5,v6,v7,v8,v9,v10), 'Q');
0

> Q;nops(Q);
[-v4—v5 —v6+Vv7+2vI0, -v3—v5+v6—v8+2v9,v2—v5+v6+v7—2vI0,vI+Vv5+v6—v8—2v9,4]

= 5

=> C[1]; [0, —1,0,1,0]
=> Ccl[2]; [—1,0, —1,0,0]
=> C[31; [0,0,0, —1, 0]
=> C[4]; [0,0,1,0,0]
> C[5]; [0,0,0,0, —1]

(1.9)

(1.10)

(1.11)

(1.12)

(1.13)

(1.14)

(1.15)

(1.16)



> add(C[1] [1]*F[i],i=1. .nops (F))*Q[1]+add(C[2] [i]*F[i],
i=l. .nops (F))*Q[2]+add(C[3] [1] *F[i] ,i=1. .nops (F)) *Q[3]
+add (C[4][i]*F[i],i=1. .nops (F))*Q[4]+add(C[5][i] *F[i],
i=1l. .nops(F))*Q[5] ;simplify (tesis-%) ;

(-v5—v6+v7+v4) (-v4—v5—v6+v7+2vI0) + (-v5+Vv6—V8

+98) | SvS=viisE o =vs P 239 b (V2 Y0 =0 —=wl) (v2=%
00 Twl—29l0) (vI=9 =p6-ws) (¥l T Fme—98— 2.¥v9)
+4vI0v5 —4vI0Ov7 —4v5v8 +4v6v7 —4v6v9 + 4 v8v9

0 (1.17)




Contradiction, complexity 2.

> with (Groebner): FF:=[-vl - v3 + 2*v5, -v2 - v4 + 2*v6, vl - v5 - v6 + v8, -v2 - v5 + v6 +
v7, -v10*v5 + v10*v7 + v5*v8 - v6*v7 + v6*v9 - v8*v9, v10*v5+v10*v7+v5*v8-v6*v7+v6e*vI9-v8*v9,
v1l*v242-v11*v3*2-v1l*v4*2+vl1l*v1*2-2*yvl1l*v1*vO-2*v10*v1l*v2+2*v10*v1l*v4+2*v1l*v3*v9-1];
nops (FF) ;GG, CC := Basis(FF, tdeg(vl,v2,v3,v4,v5,v6,v7,v8,v9,v10,vl1l), output = extended);
nops (CC) ;

FF = [—v] —v3+2v5 -v2—v4+2v6,vI —v5 —v6+ V8, -v2 —v5 +v6+v7, -vIOv5S +vIOv7 +v5v8 —v6v7 + v6v9 — v8 VI,
viOv5 +vI0v7 +v5v8 —v6v7 +v6v9 —v8v9, vil vI> = 2v11vIv9 —2vI0vIIv2 +2vI0vIIvd + vIIv? — viIv3

+2vIIv3v9 —vilv# —1]
7
GG, CC = [1],[[viIVv3+vIIv5—v6vI] +Vv8vI]l —2vIIVY, -2vIIvI0+vIIv4+vIIv5+v6vil —v7vil,vivil +vIlv3
+2v1Iv5 —4viIv9, 4vilvi0—v2vll —viIv4—2v6vil, -4vil, 0, —1]]
1
> NormalForm(l, GG, tdeg(vl,v2,v3,v4,v5,v6,v7,v8,v9,v10,v1l), 'QQ');
0
> Q0;nops (QQ) ;
[1]
1
'> add(CC[1][i]*FF[i],i=1. .nops (FF)) ;simplify (1-%) ;
(vi1v3 +vlIv5 —v6vil +v8vil —2vIIv9) (-vI —v3+2v5) + (-2vIIvi0+viIv4+vIIv5S+v6ovil —v7vil) (-v2 —v4
+2v6) + (vivil +vI1Iv3+2vIiIv5 —4vIIv9) (vl —v5 —v6+v8) + (4viIvI0—v2vil]l —vIIv4d —2v6vil) (-v2 —v5

+v6+v7) —4vil (-vI0Ov5 +vIOv7 +v5v8 —v6v7 +v6v9 —v8v9) —vil vI? +2v11vIv9 +2v10vIIv2 —2vI0vi] v4
—vIIvZ +vIIv3 —2vIIv3v9 +vilvé + 1

2.1)

2.2)

2.3)

2.4)



¢ = Segment(C,D,ql
® ( )

— 476

d = Segment(D, A, ql
® ( )

— 5.92

E = Midpoint(a
o (a)

— (1.2, 0.26)

F = Midpoint(A, C
® (A, Q)

— (2.86, 1.61)

G = Midpoint(c
® (c)

— (5.82, 1.65)

H = Midpoint(D, B
® (D,B)

— (4.16, 0.3)

f: Line(E,F
O (E,F)

— -1.35x + 1.66y = -1.18
. g : Line(H, G)

— -1.35x + 1.66y = -5.11

e = Prove(AreParallel(f, g))

— true

+ Input...

1

o N o o »~ W

10
11
12
13
14
15
16
17
18
19
20

21

22

23
24

k] 7> OO & N = @
Mo & : =N

Let A, B, C, D be arbitrary points.

Let g1 be the polygon A, B, C, D.

Let a be the segment A, B.

Let ¢ be the segment C, D.

Let E be the midpoint of a.

Let F be the midpoint of A, C.

Let G be the midpoint of c.

Let H be the midpoint of D, B.

Let f be theline E, F.

Let g be the line H, G.

Prove that AreParallel(f, g).

The statement is true under some non-degeneracy conditions (see below).
We prove this by contradiction.

Let free point A be denoted by (v1,v2).
Let free point B be denoted by (v3,v4).
Let free point C be denoted by (v5,v6).
Let free point D be denoted by (v7,v8).
Considering definition E = Midpoint(a):

el:2v9—-v3—-vl =0

— el: —vl1—v3+2v9=0
e2:2v1I0—-v4—-v2 =0

— e2:2vl10—v2—v4=0
Considering definition F = Midpoint(A, C):

e3:2vl1l—v6—vl =0

/ F(v11,v12)

2'011—’1}5—'[}1:0
2’012*’()(3*?)2:0

G('U13a 014)

vig— v —v5 =10
14— vg—vs=0

B(v3,vy)

H (v15,v16)

E(’Ug, 'UIO) 2u15 —v7—v3=0

21}9*1}3*’01:0 21}1671}871}4:0

21]10—’[}4—’[}2:0

l)(’l}77 ’Ug)




@ 0 0 0 O

&

SO0 LN =

—wviiviuvii —

& CTIT « VAU VALI VLI T VAU VALI VLI T Vaiir vaA T VLI
ﬁ( * - :N 41 Without loss of generality, some coordinates can be fixed:
A = (0.71, -0.67) 42 {v1 =0,v2 =0,v3 =0,v4 =1}
. - {v1=0,v2=0,v3=0,v4 =1}
B = (1.69, 1.19) ‘43 All hypotheses and the negated thesis after substitutions:
B m s1:2v9 =0
C = (5.01, 3.89) Y sl:2v9=0
H s2:-14+2v10 =0
D = (6.63, -0.59) ‘L 45
— s2:2v10—-1=0
ql = Polygon(A, B, C,D) # 46 s3:2vil-v5 =0
s3:2vl1l—v5=0
— 15.00 - vy
s4:2v12—-v6 =0
)] 47
a = Segment(A, B, ql) — s4:2v12—-v6=0
sb:2vl3—v7i—vb =0
: — s5:2v13—v5—v7=0
b = Segment(B, C,ql) ’ s6:2v14—v8—v6 =0
49
— 4.28 — s6:2v14—v6—v8=0
H s7:2v1l5—-v7 =0
c = Segment(C,D,ql) ‘il 50
— sT:2vl5 —v7 =0
— 476 s8:—-1+2vl6—-v8 =0
. || 51
d = Segment(D, A, q1) : — s8:2v16—v8—-1=0
s9: —1+v17v15v12 —v17 v13 v12 — v17 v16 v11 4 v17 v14 v11 — v17 v15 v10
— 5.92 52
59 — s9:v10v13v17 —v10v15v17 +v11 v14 v17 — v11 v16 v17 —v12
E = Midpoint(a) * 53 Now we consider the following equation:
— (1.2, 0.26) 54 sl (‘71 v14vi7 +% v16 v17> +s2 (% v13v17 — % vi5 v17) +5s3 (% vi4 vl
F = Midpoint(A, C) : o 1=0
— (2.86, 1.61) 55 Contradiction! This proves the original statement.

56 The statement has a difficulty of degree 2.

ol AL Skl

/ F(v11,v12)

2011 —vs—v1 =0
21)12*7.)6*’02:0

B(Ug, 124)

H (v15,v16)

E(Ug, 'UIO) 21}15 = U — U3 — 0

209 —v3— v =0 2016 —vg —v4 =0

2’[}10—’(}4—1}2:0

:_‘E

G(v13,v14)

A(vy, v9)

D(vy, vs)




¥ A (] O O 4L N

o O

@)

B = (-1.1, 5.44)
C = (-2.62, -2.22)

c : Circle(B, A, C)

— (x + 1.66)2 + (y - 1.57)2 = 15.29

D = Point(c)

— (1.89, 3.2)

f = Segment(A, B)
— 4.62

g = Segment(C, D)
— 7.05

h = Segment(A, C)
— 6.07

i = Segment(B, D)
— 3.74

j = Segment(B, C)
— 7.81

k = Segment(A, D)

— 7.07

.
.
.

®

o
Il
N

B,

Relation(f - g+ h -i,j - k)

-7

-7
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» Algebra X
® A=(0,2)
® B =(2.94, 3.28)
® c:x*+(y-2)2=10.2
® C=(-3.07,2.92)
® D=(0.97,5.06)
® E=(2.85,0.53)
® F=(-1.74, -0.7)
® f=4.58
® g=49
® h=4.75
® i=3.85
® j=6.36
® k=6.39
a=40.59
b = 40.59
d = true

Boolean Value d: Prove(ig + fh £ j k)

Input:

=| =] |v] 3% () "y x= x=| || & |4

X

» CAS
S8:v23A2-v12A2-v11A2+2*v12*v6-v6A2+2*v11*v5-v5A2=0
49
— s8: —v11?2 —v122 1 v23%2 —v5%2 —w6? 42 v11 V5 +
SO:v24A2-v12A2-v11A2+2*v12*v8-v8A2+2*v11*v7-v7A2=0
50 2 2 2 2 2
= §9: —v11° —v12° 4+ v24° —v7° — v8° + 2 v11 v7 +
s10:v25A2-v10A2-vI9A2+2*v10*v6-v6A2+2*vI9*Vv5-v5A2=0
51
- 510 : —v10? 4 v252 — v52 —v6? — v9% + 2 v10 v6 +
$11:-14Vv26*V25A4*v24A4-2%v26*V25A2*Vv24A2*v23A2*v2 1A,
52
— 511 : v20* v22? v26 + v21* v23* v26 + v24* v25* v2¢
53 | Now we consider the following expression:
54 | S1*(2*v6*v12*v21A4*v26+2*v20A2*v21A2*v22A2*v26-v21A4
- 1=0
55 | Contradiction! This proves the original statement.
56 | The statement has a difficulty of degree 7.
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' Welcome to the Automated Geometer!

Using GeoGebra 5.0.495.0 (offline).

Let us consider this initial input construction (only the visible points will be observed) :

o =2 —
|
| Select relations to check:
| [Collinearity of th
F \j ;jw . f
¢ The following theorems can be proven:
1.IEAB 294, BH=HL  590.HI=JL 872.BHLCJ  1153.DNL1HM 1434. AlIJN 1715. CIIGH
2.LEAB 295. BH=IJ 591. HJ=JK 873.BHLDL  1154.DN1KM 1435 . AIKL  1716. CJIGI
3.IEAC 296.BH=KL  592.HL=IJ 874. BHLEI 1155.EFLEL  1436. AIKM  1717.CJIG]J
'i 4.JEAC 297. BI=BJ 593.HL=KL  875.BHLFH  1156.EFLFI  1437.AIKN  1718.CJIGK
| 5.IEAD 298. BI=CD 594. HM=KM 1157.EFLGH  1438.AILM  1719. CJIGL

AN0 DT_T

K0OK LINT_TNA

876. BHLFK

1965. JEoABI
1966. KEoABI
1967. LEoABI
1968.
MEOoABI

2135.1€0oBCF
2136. JEoBCF
2137.
KeoBCF
2138.

HeoCFG
2314.1€0oCFG
2315.JeoCFG
2316.
KeoCFG




1.I€AB
2.LEAB
3.1€AC
4.JEAC
5.1€AD
6.1€AE
7.1I€AF
8.IEAG
9.1€EAH

10

11.

12

13.
14.
15.
16.

17

18.
19.
20.
21.
22.
23.
24.
25.
26.
27
28.
29.
30.
31.
32.
33.

34

35,
36.
37.
38.

39

.KeEAH
JEAI
.KeAl
LeAI
M€eAI
NeAl
JeEBC
.LeBC
LeBD
LEBE
LEBF
LEBG
KeBH
LeBH
LeBI
LeBJ
LeBK
MEBL
NeBL
JeCD
JECE
JECF
JeCG
JeCH
.KeCH
JeCI
KeCJ
LeCl
MeCJ

.NeCJ

294
295
296
297

298.
299.
300.
301.
302.
303.
304.
305.
306.
307.
308.
309.
310.
311.
312.
313.
314.
315.
316.
317.
318.
319.
320.
321.
322.
323.
324.
325.
326.
327.
328.
329.
330.
331.
332.
333.
334.

The following theorems can be proven:

.BH=HL
.BH=IJ
.BH=KL
.BI=BJ
BI=CD
BI=CL
BI=DE
BI=DJ
BI=EF
BI=FG
BI=GH
BI=GK
BI=HI
BI=IK
BI=IL
BI=JL
BJ=CD
BJ=CL
BJ=DE
BJ=DJ
BJ=EF
BJ=FG
BJ=GH
BJ=GK
BJ=HI
BJ=IK
BJ=IL
BJ=JL
BK=CE
BK=CI
BK=DF
BK=DL
BK=EG
BK=EJ
BK=FH
BK=FK
BK=GI
BK=HL
BK=IJ
BK=KL
BL=CJ

590. HI=JL
591. HJ=JK
592. HL=1J
593. HL=KL
594. HM=KM
595. HN=IM
596. HN=JN
597. HN=KN
598.1J=KL
599. IK=IL
600. IK=JL
601.IL=JL
602. IM=JN
603. IM=KN
604. IN=JM
605. IN=LN
606. IM=LM
607. IM=LN
608. IN=KN
609. ABLAF
610. ABLAI
611. AB1BE
612. ABLBL
613. ABLCD
614. AB1CJ
615. AB1DJ
616. ABLEL
617. ABLFI
618. ABLGH
619. ABLGK
620. ABLHK
621. ACLAG
622. ACLAI
623. AC1BF
624. ACLBL
625. ACLCE
626. ACLCJ
627. ACLEJ
628. ACLFL
629. ACLGI

872.BHLC]
873.BHL1DL
874. BHLEI
875.BHLFH
876. BHLFK
877.BHLFM
878. BHLHK
879. BHLHM
880. BHLKM
881. BILBL
882.BILCD
883.BILCJ
884.BILDJ
885. BILEL
886. BILFI
887.BILGH
888. BILGK
889. BILHK
890. BJLBL
891.BJLCF
892.BJ.LCJ
893. BJLDE
894. BJLFJ
895.BJLGL
896. BJLHI
897. BJLHK
898. BJLIK
899. BK1BL
900. BKLCJ
901. BK1DL
902. BKLEI
903. BK1FH
904. BK1LFK
905. BK1FM
906. BK LHK
907. BKLHM
908. BK LKM
909. BLLBM
910. BL1LBN

1153.
1154.
1155.
1156.
1157.
1158.
1159.
1160.
1161.
1162.
1163.
1164.
1165.
1166.
1167.
1168.
1169.
1170.
1171.
1172.
1173.
1174.
1175.

1176

1177.
1178.
1179.
1180.
1181.
1182.
1183.
1184.
1185.
1186.
1187.
1188.
1189.
1190.

1191

DN_1HM
DN_.1KM
EF1EL
EF1FI
EF1GH
EF1GK
EF1HK
EG.LEJ
EGLFL
EG.LGI
EGLHK
EHLFJ
EH.1GL
EH.1HI
EH1HK
EH1IK
EILFN
EILGJ
EILHK
EILHL
EILKL
EJ1LEM
EJLEN
.EJLGM
EJLGN
EJ1LHK
EJL)
EJLMN
EK.FJ
EK1GL
EK 1 HI
EK1HK
EK1IK
EL1HJ
EL1HK
EL1IL
EL1JK
EM.1FL
.EM1GI

1434. AIIIN
1435. AIIKL
1436. AIIKM
1437. AIIKN
1438. AIILM
1439. AIILN
1440. AJIBL
1441. ANICI
1442. AlICJ
1443. AJIDH
1444. AJIDK
1445. AJIEG
1446. AJIEM
1447. AJIEN
1448. AJIGM
1449. AJIGN
1450. AJIHK
1451. Al
1452. AKIBG
1453. AKIBL
1454. AKICF
1455. AKICJ
1456. AKIDE
1457. AKIFJ
1458. AKIGL
1459. AKIHI
1460. AKIHK
1461. AKIIK
1462. ALIBI
1463. ALIBL
1464. ALICH
1465. ALICJ
1466. ALICK
1467. ALIDG
1468. ALIEF
1469. ALIHJ
1470. ALIHK
1471. ALIIL
1472. ALIJK

1715. CJiIGH
1716. CNGI
1717.CIiGJ
1718. CJIGK
1719. CJIGL
1720. CJiIGM
1721. CJIGN
1722. CJIHI
1723. CJIHJ
1724. CJIHK
1725. CIiHL
1726. CJIHM
1727. CJIHN
1728.CIilJ
1729. CJIIK
1730. CJIIL
1731. CliIM
1732. CJIIN
1733. CJIJK
1734. CJIJL
1735.CIiIM
1736. CJIIN
1737. CJIKL
1738. CJIKM
1739. CJIKN
1740. CJIILM
1741. CJILN
1742. CKIDG
1743. CKIEF
1744. CKIHJ
1745. CKIHK
1746. CKIIL
1747. CKIJK
1748. CLIDI
1749. CLIEH
1750. CLIEK
1751. CLIFG
1752. CLIHK
1753. CLIIL

1965. JEoABI
1966. KEoABI
1967. LEocABI
1968.
MeEoABI
1969. NEoABI
1970.
KeEoABJ
1971. LEcABJ
1972.
LeoABK
1973.
MeEoABL
1974.
NEoABL
1975.
E€oACD
1976.
FEoACD
1977.
GECACD
1978.
HeoACD
1979.IecACD
1980.
JEOACD

1981.
KEoACD
1982.
LecACD
1983.
FECACE
1984.
GEoACE
1985.
HEOACE
1986. 10 ACE
1987.JEcACE

1000

2135. I€oBCF
2136.JeoBCF
2137.
KeoBCF
2138.
LEoBCF
2139.
HeoBCG
2140. 1€eoBCG
2141.JeoBCG
2142.
KeoBCG
2143.
LeoBCG
2144.1€0BCH
2145. JeoBCH
2146.
KeoBCH
2147.
LeoBCH
2148.JeoBCI
2149. KeEoBCI
2150. LeoBCI
2151. KeoBCJ
2152. LeoBCJ
2153.
MEoBC)
2154.NeoBCJ
2155.
LEoBCK
2156.
Me&oBCL
2157.
NeoBCL
2158.
FEoBDE
2159.
GEoBDE

HeoCFG
2314.1€oCFG

2315.J€0CFG |

2316.
KeoCFG
2317.
LeEoCFG
2318. IeoCFH
2319. JeoCFH
2320.
KeEoCFH
2321.
LeoCFH
2322.JeoCFI
2323. KEoCFI
2324.LeoCFI
2325.KeEoCFJ
2326.LEoCFJ
2327.
MeoCFJ
2328. NeoCFJ
2329.
LeoCFK
2330. IeoCGH
2331.
JeEoCGH
2332.
KeoCGH
2333.
LeoCGH
2334. JeoCGI
2335. KeoCGI
2336.LeoCGI
2337.
KeoCGJ
2338.LeoCG)
2339.
MeoCGJ
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SALLUKN

29.JECD  388.CH=EH 79 . 1028 CLLGL 1235. 1489. 1757.CNUN HECACD  FEoBDE  LEoCGJ
31. JECF 390. CH=EL CILHK 1236. GILIJ  1490. BCIJL  1759. IecACD GEOBDE MEoCG]
2JECG  391.CHoFI oo AT 030, 1237. 1491 DEIGL . 2160. 2340.

' ‘CH_py  |25-AILDE GLLMN ' JEOACD  HEOBDE  NEOCGJ
33.JECH 392.CH=FJ  oc A1 DR CJLCK BDIBL 1760. DEIHI
3. KECH  393.CH=GL 5.,/ 1o 1031 1238. 1492. BDICJ  1761. 1981. 2161. 2341.
35.JECI 394. CH=HJ 728' ALLDH CJLCL GJLHK 1493. DEIHK KEoACD IEoBDE LeoCGK
37.LeC) 396. CI=DF 730' AI-LD] CJLCM GJ1LHM 1494. BDIEI 1763. LEecACD JeoBDE JeoCHI
38. MECJ 397.CI=DL 731- AIiDK 1033. 1240. 1495. DFIDN 1983. 2163. 2343.

39. NECJ 38.CI-EG  [2 -0 O CILCN GJLKM BDIFH 1764 DFIFN FECACE KEOBDE KEoCHI
40. NEDF 399. CI=EJ 733'AI DM 1034. 1241. 1496. 1765. DFIG) 1984 2164. 2344,
41. KEDH 400. CI=FH -all CJLDE GK1HJ BDIFK 1766 GECACE LEoBDE LeoCHI
42.MEEG  401.CI=FK 734 ALLDN 035 1242. 1497, DFIHK 1985. 2165. 2345.
43.NEEG  402.CI=GI ~ 735.AILEF  CjiDF GK LHK BDIFM 1767 DRy, HECACE GEoBDF KEoCHJ
44. KEEH  403.CI=HL  736.AILEG 1036, 1243. 1498. 1768. DRIKL  1986- 2166. 2346.
45.NEEM  404.CI=l]  737.AILEH (JiDG GKLIL BDIHK 1769. DGIEF  EOACE HEOBDF LEOCH)
46.KEFH  405.CI=KL  738.AILEl  1037. 1244, 1499, 1770, DGiry 1987 2167. 2347.
47.MEFH  406.CJ=HK 739.AILE]  CJLDH GKLJK BDIHM 7L JEOACE IEoBDF MEoCH]
48.MEFK  407.CK=DG 740.AILEK 1038.CJiDI 1245. 1500. DGITK 1988. 2168. 2348.
49.KEGH  408.CK=DI  741.AILEL 1039.CJ.DJ GLLHK KEOACE  JEOBDF NEOCH]J
BDIKM 1772. DGIIL
50.NEGM  409.CK=EH 742 AILEM  1040. 1246. 1501.BEBL 1773 pguk 28" 2169. 2349.
51. KEHI 410.CK=EK 743 AILEN CJ.1DK GLL1JL 1502. 1774' LECACE KeoBDF LeoCHK
52.KEH]  411.CK=EL 744 ALIFG 1041 1247. BEICD DHIDK 1990. 2170. 2350.
53.LEHK  412.CK=FI 745 ATJFH CJLDL GMLHK 1503. BEIC) 1775 GEOACF  LEoBDF MEoCHK
54.MEHK  413.CK=FJ 746 ATIFI 1042 1248. 1504. BEIDJ  DHIEG 1991. 2171. 2351.
55.NEHK  414.CK=GL 747 A1/F]  CJLDM GN.LHK 1505. BEIEL 1776 HEOACF HEOBDG  NEoCHK
56.AB=AH  415.CK=HI 5.0 A1 gk 1043 1249. 1506. BEIFl  DHIEM 1992. 2172. 2352.
57.AB=AK  416.CK=JK -0 A1 FL  CJLDN HILHK 1507 s IE0ACF IE0BDG KEoCl
58. AB=AL  417.CL=DE 1044. CJLEF  1250. HILIL : : 1993. 2173. 2353.
59.AB=BC  418.CL=DJ  >0-AlLIM : BEIGH DHIEN

- Ab= L= 1045 1251. JEOACF JEOBDG LeoCl
60. AB=BI  419.CL=EF l-ALLFN : 1508. 1778.

e il 752. ALLGH CJLEG HJ1HK BEIGK 1994. 2174. 2354.
61.AB=BJ  420.CL=FG DHIGM KEOACE KEoBD g
62.AB=CD  421.CL=GH /93.-ALLGL  1046. 1252. 1509. 1779. CoAC EoBDG <o

_ _ 754. ALLGJ CJ.LEH HK_1HL BEIHK DHIGN 1995. 2175. 2355.
63. AB=CL ~ 422.CL=GK 1253 LEOACF  LEOBDG  NeoCD
64. AB=DE  423.CL=HI 755.AILGK 1047.CJLEI . 1510. BFIBL  1780.

: € HK LHM 1996 2176 2356

65.AB=D]  424.CL=IK 756.AILGL 1048.CILEJ 1511. BFICE DHIHK ' ' ;
1049 1254 HEOACG  IEoBDH LEoCIK

66. AB=EF  425.CL=IL  757.AILLGM : HE L HN I512.BFICJ  1781.DHI  |gq. 177 2357

67.AB=FG  426.CL=]L.  758.AILGN CJLEK 1255, Ly 1513-BFIET 1782, CoACG TeoRDH otk

68.AB=GH  427.CM=IN 759.AILHI  1050.CJLEL : 1514. BFIFL DHIMN

69 AB=GK 428 CM=JM 760.ALiHJ _ 105L. s 1515 BEIGI 1783 DuER 1008 2178. 2358.




341.
342.
343.
344.
345.
346.
347.
348.
349.
350.
351.
352.
353.
354.
355.
356.
357.
358.
359.
360.
361.
362.
363.
364.
365.
366.
367.
368.
369.
370.
371.
372.
373.
374.
375.
376.
371.
378.
379.
380.
381.
382.
383.
384.
385.
386.
387.
388.
389.
390.

618. ABLGH
619. AB1GK
620. ABLHK
621. ACLAG
622. ACLAI
623. ACLBF
624. AC1LBL
625. ACLCE
626. ACLCJ
627. ACLEJ
628. ACLFL
629. ACLGI
630. ACLHK
631. ADLAH
632. ADLAI
633. ADLAK
634. ADL1BG
635. ADLBL
636. ADLCF
637.AD1CJ
638. AD1DE
639. ADLFJ
640. ADLGL
641. AD_LHI
642. AD1HK
643. AD1IK
644. AELAI
645. AELBH
646. AE1BK
647. AELBL
648. AELCG
649. AELCJ
650. AELDF
651. AELDN
652. AELFN
653. AELGJ
654. AELHK
655. AELHL
656. AELKL
657. AFLAI
658. AFLAL
659. AF 1BI
660. AF1BL
661. AFLCH
662. AFLCJ
663. AFLCK
664. AFLDG
665. AF.LEF

881.
882.
883.
884.
885.
886.
887.
888.
889.
890.
891.
892.
893.
894.
895.
896.
897.
898.
899.
900.
901.
902.
903.
904.
905.
906.
907.
908.
909.
910.
911.
912.
913.
914.
915.
916.
917.
918.
919.
920.
921.
922.
923.
924.
925.
926.
927.
928.

BI1BL
BILCD
BILCJ
BILDJ
BILEL
BILFI
BILGH
BILGK
BILHK
BJLBL
BJLCF
BJLCJ
BJLDE
BJLFJ
BJLGL
BJLHI
BJLHK
BJ1IK
BK1BL
BK1CJ
BK1DL
BK1EI
BK1FH
BK1FK
BK1FM
BK1HK
BK1HM
BK1KM
BL1BM
BL1BN
BLLCD
BLLCE
BLLCF
BL1CG
BLL1CH
BLLCI
BL1CJ
BL1CK
BLL1CL
BLLCM
BL1CN
BL1DE
BL1DF
BL1DG
BLL1DH
BL1DI
BL1DJ
BL_LDK

1145. DL1HL
1146. DL1KL
1147. DM 1LHK
1148. DN_LEI
1149. DN_LFH
1150. DNLFK
1151. DN1FM
1152. DNLHK
1153. DN.LHM
1154. DNLKM
1155. EF1LEL
1156. EF LFI
1157. EF1LGH
1158. EFLGK
1159. EF1LHK
1160. EGLEJ
1161. EGLFL
1162. EGLGI
1163. EGLHK
1164. EHLF]
1165. EHLGL
1166. EH_LHI
1167. EHLHK
1168. EHLIK
1169. EILFN
1170. EILGJ
1171. EILHK
1172. EILHL
1173. EILKL
1174. EJLEM
1175. EJLEN
1176. EJLGM
1177.EJLGN
1178. EJLHK
1179.EJ11J
1180. EJLMN
1181. EKLFJ
1182. EK1GL
1183. EK LHI
1184. EK LHK
1185. EKLIK
1186. ELLHJ
1187. EL1LHK
1188. ELLIL
1189. ELLJK
1190. EMLFL
1191. EM.LGI
1192. EM_LHK

1409. AlIFK
1410. ATIFL
1411. ALIFM
1412. AlIFN
1413. AlIGH
1414. ALIGI
1415. ALIGJ
1416. ATIGK
1417. AIGL
1418. AIGM
1419. ATIGN
1420. ATIHI
1421. AlIHJ
1422. ATIHK
1423. ATIHL
1424. AlIHM
1425. ATIHN
1426. ATILJ
1427. ATIIK
1428. AlIIL
1429. AlIIM
1430. ATIIN
1431. ATIJK
1432. ATIJL
1433. AlIUIM
1434. ATIIUN
1435. AlIKL
1436. ATIKM
1437. AlIKN
1438. ATILM
1439. ATILN
1440. AJIBL
1441. AJICI
1442. AJICJ
1443. AJIDH
1444. AJIDK
1445. AJIEG
1446. AJIEM
1447. AJIEN
1448. AJIGM
1449. AJIGN
1450. AJIHK
1451. AN
1452. AKIBG
1453. AKIBL
1454. AKICF
1455. AKICJ
1456. AKIDE

1673.
1674.
1675.
1676.
1677.
1678.
1679.
1680.
1681.
1682.
1683.
1684.
1685.
1686.
1687.
1688.
1689.
1690.
1691.
1692.
1693.
1694.
1695.
1696.
1697.
1698.
1699.
1700.
1701.
1702.
1703.
1704.
1705.
1706.
1707.
1708.
1709.
1710.
1711.
1712.
1713.
1714.
1715.
1716.
1717.
1718.
1719.
1720.

CHIJK
CLlCJ
ClIDH
ClIDK
CIIEG
CIIEM
CIIEN
ClIIGM
CIIGN
CIIHK
Cum
CJICK
CIICL
CliICM
CJICN
CJIDE
CJIDF
CIIDG
CJIDH
CJIDI
ClIDJ
CJIDK
ClIDL
CJIDM
CJIDN
CJIEF
CIIEG
CJIEH
CJIEL
CIIET
CJIEK
CJIEL
CJIEM
CJIEN
CJIFG
CJIFH
CJIIFI
CJIF]
CJIFK
CJIFL
CJIFM
CJIFN
CJIGH
CIIGI
CNiGJ
CJIGK
CJIGL
CJIGM

KeEoABC

1934. LEcABC
1935.
EEocABD

1936. FEoABD
1937.
GEO0ABD
1938.
HECABD
1939.I€0cABD
1940. JEoABD
1941.
KEoABD
1942.

LECABD

1943. FEOABE
1944.
GEOABE

1945.
HEOABE

1946. IE0ABE
1947. JEOABE
1948.
KEOABE

1949. LEoABE
1950. GEcABF
1951. HEoABF
1952. IEcABF
1953. JEOABF
1954. KEOABF
1955. LEoABF
1956.
HEOCABG
1957.1EcABG
1958.JE0ABG
1959.
KEOABG

1960.

LECABG
1961.1€0cABH
1962. JEoABH
1963.
KEoABH

1964.

LEcABH
1965.JE0ABI
1966, KEOARBI

2131.KEOBCE
2132.LEoBCE
2133. GEoBCF
2134. HEoBCF
2135.1€0BCF
2136.JE0BCF
2137. KEoBCF
2138. LEoBCF
2139.
HEOBCG
2140.1€0BCG
2141.J€0BCG
2142.
KeoBCG
2143. LEoBCG
2144.1€0BCH
2145.JeoBCH
2146.
KeEoBCH
2147.LEoBCH
2148.Je0oBCI
2149. KEoBCI
2150. LEoBCI
2151. KEoBCJ
2152.LEoBCJ
2153. MeoB(CJ
2154. NeoBCJ
2155.LEoBCK
2156.
MeEoBCL
2157.NeoBCL
2158. FEoBDE
2159.
GEoBDE

2160.
HEOoBDE
2161.1€0BDE
2162.JE0BDE
2163.
KeEoBDE

2164. LEoBDE
2165. GEoBDF
2166. HEoBDF
2167.1€0BDF
2168.JEOBDF
2169. KEoBDF

2340.NEoCGJ
2341.
LeoCGK
2342.JeoCHI
2343. KEoCHI
2344.LeoCHI
2345.KeoCHJ
2346.L.€oCHJ
2347. MEoCHJ
2348. NeoCHJ
2349.
LeoCHK
2350.
M€EoCHK
2351.
NeoCHK
2352.KEoCl)
2353.LeoCl
2354. MEoCl)
2355.NeoClJ
2356. LEoCIK
2357.LeoCIK
2358. MeoCJK
2359. NeoCJK
2360. MeoCJL
2361.NeoCJL
2362. GEoDEF
2363. HEoDEF
2364. IE0DEF
2365. JEODEF
2366. KEODEF
2367.LECDEF
2368.
HEODEG
2369. IE0DEG
2370.JEcDEG
2371.
KEODEG
2372.LECDEG
2373.1€0DEH
2374.JEcDEH
2375.
KeEoDEH
2376.LEoDEH
2377.JE0DEIL
2378. KEODEI




145.
146.
147.
148.
149.
150.
151.
152.
153.
154.
155.
156.
157.
158.
159.
160.

1£1

112.
113.
114.
115.
116.
117.
118.
119.
120.
121.
122.
123.
124.
125.
126.
127.
128.
129.
130.
131.
132.
133.
134.
135.
136.
137.
138.
139.
140.
141.
142.
143.
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2038.JE0ADI
2039. KEoADI
2040. LeEocADI
2041. MECADI
2042. NeEoADI
2043. KEOADJ
2044. LEcAD]
2045.
LECADK
2046. GEOAEF
2047. HEoAEF
2048. IEoAEF
2049. JEOAEF
2050. KEOAEF
2051. LEOAEF
2052.
HEOCAEG
2053.IE0AEG
2054. JECAEG
2055.
KECAEG
2056. LEoAEG
2057.1€cAEH
2058. JEOAEH
2059.
KEoAEH
2060. LEOAEH
2061.JE0AEI
2062. KEOAEI
2063. LEOAEI
2064. MECAEI
2065. NEoAEI
2066. KEOAE]
2067. LECAEJ
2068. LEOAEK
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2241.KEoBHI
2242.1LEoBHI
2243. KEoBHJ
2244 . 1.€0BHJ
2245.
LeoBHK
2246.
MeEoBHK
2247.
NEoBHK
2248.
MeoBHL
2249.
NEoBHL
2250. KeoBIJ
2251.LeoBl
2252.LEoBIK
2253. MeoBIL
2254. NeoBIL
2255. LeoBJK
2256. MEoBJL
2257. NeoBJL
2258.
M€EoBKL
2259.
NeoBKL
2260. FEoCDE
2261.
GEoCDE
2262.
HeoCDE
2263.1€oCDE
2264.JeoCDE
2265.
KeoCDE
2266. LEcCDE
2267. GEoCDF
2268. HEoCDF
2269.1€0CDF
2270. JEoCDF
2271. KEoCDF
2272. LEoCDF
2273.
HEoCDG
2274.1€0CDG
2275.)Je0CDG

2454.
NEOEHK
2455. KEOEI
2456.LECEL
2457. LECEIK
2458.LECEJK
2459.1€0FGH
2460. JEOFGH
2461.
KEOFGH
2462. LEOFGH
2463. JEOFGI
2464. KEOFGI
2465. LEoFGI
2466. KEOFGJ
2467. LEOFG]
2468. LEOFGK
2469. JEOFHI
2470. KEoFHI
2471. LEoFHI
2472. KEoFHJ
2473. LEOFH]
2474. LEOFHK |
2475.

MeEoFHK ‘
2476. {
NEoFHK

2477. KEOFIJ
2478. LEOFIJ
2479. LEOFIK
2480. LEOFIK
2481.JE0GHI
2482. KEoGHI
2483.LEoGHI
2484. KEoGH]J
2485.LE0GH]
2486.

LEoGHK

2487.

M€EoGHK

2488.

NEoGHK

2489. KEoGIJ
2490. LEoGIJ
2491.LE0GIK
2492. LEoGIK




309 BK=FK ©669.AFLIK 702" 1202, FTTIoune 1906, CTIEN 1948, £140. £2vs. £400.
gl 670.AGLAT 989-CELCL gy, Gy 1448. 1707.CIIFG KEoABE ~ HEOBCE  KEoCEl  NEoGHK
330. BK=GI 990. CELCJ AJIGM
331 BK<HL. 671.AGLAJ HCELCT 1203, 1708. CIIFH  1949. 2129. 2309. 2489.
' 991.CELDH gq | HK 1449. AJIGN LEOCABE IEoBCE LeoCEJ KeoGIJ
332.BK=I]  672.AG1BL 1709. CJIFI
992.CELDK 1204 1450. AJIHK 1950 2130. 2310. 2490.
333.BK=KL 673.AG.LCI : 1710. CJIF] :
334.BL=CJ 674.AG.LC] 293-CELEG FHIHL WSLA 4711 cnipk - GEoABF  JEOBCE MEoCEI  LEoGl
335. BL=HK  675. 994.CELEM 1205. 1452. 1712. CTIFL 1951. 2131. 2311. 2491.
236 AGLDH 995.CELEN FHIKL AKIBG 1713 c1iey HEOABF  KEOBCE  NEOCEJ LEOGIK
BMBN 76 eiow RGTUHL hL AN 9 e LRk LesGK
337. AGLDK - 1207, 1454 1715.CGH [ COABE 2133 2313 2493
BM=CM  677.AGLEG )7 TELBH FLLHK AKICF I716.cnGr - 193 GEoBCF  HEOCFG  KEoHI
338.BM=IN  ¢78. ggg-ggLﬁK 1208. FILIL s axicy 1717.CIGH JEOABF e o 2494
239.BMSIM - AGLEM G 109 RLIK e i718.crick % HEOBCF  IE0CFG LEoHI
340. 679. AGLEN 1(]’5(’0MN 1210. ARIDE 1719.CcnGL KEOABE Rl 2315 2495
SV 680. f ll F L 1457. AKIFy 1720 1 IE0BCF JEOCFG LEOHIK
341.BM=LN AG.GM 001.CFLCJ 1211.FILIL oy CIIGM LEOABF S s o
342. 681. 1002. 1212. : 1956. . . .
BN=CM AG.LGN CFLCL FKLEN AKIGL 1721 CNGN - e ABG ~ JEOBCF  KEoCFG  MEOHIK
1722. CIIHI
343. BN=IN 682. 1003. CFLDI 1213. 1459. AKIHI 1723 CIIHD 1957. 2137. 2317. 2497.
344.BN=IM oG HK 1004. FK.GJ 1460. 1724' CIEK IE0ABG KeoBCF LeoCFG NeoHIK
345. BN=LN 683 AGLly CFLEH 1214. AKIHK 1725- CTHL 1958. 2138. 2318. 2498.
346. CD=CL 1005. FK L HK 1461. AKITK : JEOABG LEOBCF IEoCFH LEOHIK
_ 684. 1726.
gj;gg:g? AGLMN v o 122? ﬁl:gi CIIHM Pl §11€3<9>i3CG ?;S::FH izé%HJK
349, CD=pp 085 AHLAI (1;(;?61':(; FKLHL e 07 1mr.comN If;gABG 2120 2320 2500
. =] 1 . . . . .
350.CD=FG 000-AHLBC ll:%(lfi(L ALICH 1728.CI0 |~ ApG  IEOBCG KEoCFH NEOHIK
351.CD=GH O87-AHLBI — o/hy 1217 1465. ALicy  1729.CJIK 496y 2141. 2321. 2501.
352.CD=GK  S88-AHLBL 0 op 1) FL.1GM 1466. 1730. CHIL o0 Agy JEOBCG LEOCFH MEOHKL
353.CcD=H1 689 AHLCT o/ 1918, ALICK 1731.CIIM. 196 2142. 2322. 2502.
354.CD=IK ~ 690-AHICL 7, FLLGN 1467. 1732.CHIN' 55 ABH KEOBCG  JEOCFI NEOHKL
355.CD=IL  OOLAHLDI 00 1219, ALIDG 1733.CIUK  1gg3. 2143, 2323. 2503.
356.CD=JL  092.AHLEH . FL.LHK 1468. ALIEF  1734.CJUL  geoapy  LEOBCG KeoCHI LeolK
357.CE=CI ~ 693.AHLEK 00" b1 1000 FLip 1469, ALIHJ 1735.CTUM  jge4. 2144, 2324. 2504.
358.CE=DF = 694.AHLFG . 1251 1470. 1736.CIUN [ =0 ABH IEoBCH LEoCFI NeolIM
359.CE=DL  695. :

Finished, found 2504 theorems among 13650 possible statements.
Found theorems that are true only on parts.
Elapsed time: Oh 8m 18s



Questions:

Is there a better algorithm than this one?

Do we need to (;omr}aute full Gbasis for deciding if Elimination 1s
zero or 1f Ideal 1s 17

Monomial order dependence?
One that guarantees computing the lowest degree?

Adding non-degeneracy conditions, how to grade their discovery?



* Is there a relation of degree of syzygies and complexity
of membership problem (for example, if thesis 1s in the

ideal of hypotheses)?

* [s there a relation between the degree of syzygyies in the
reductio ad absurdum and the minimal power of the
thesis 1n the radical of hypotheses?



Over the reals:

Generally true: t=0 holds over 1irreducible components of V(hl, ..., hr) over
the reals, where {free} are independent.

Projection(V(hl,... hr, t*z-1) over R"{free} & Hypersurface
If n belongs to this elimination ideal, then
1 belongs to the real radical <hl,... hr, t*z-1, n*w-1>

And showing 1 as a combination of {hl,... hr, t*z-1, n*w-1} 1s a proof
certificate , complexity measure.




REAL Questions

Is there a specific algorithm to decide if a projection is proper?

Is there an (implemented) algorithm to decide if 1 is in the real radical
of anideal I=<f_1, ...,fr>, and to compute the “simplest”
Nullstellensatz-like expression (degree of SOS, degree of p_i)

1+ SOS=p1*f1+...+pr*fr



Proving/involving inequalities:
Given H:={f 1=0,....,f =0, g 1>0, ...., g s>0}
T =0 over H 1iff....

T >0 over H 1ftf....
T >0 over H 1ff....

Expression, algorithm, degree of involved expressions



Currrent work:

benchmark /comparison difficulty of humans/ Al bots

extending method to inequalities

solving many involved computer algebra problems related to
our approach



* We have yet to perform a large number of tests (with
different statements: labeled as old, new, basic,
advanced, etc.) to get some “human’ perception about
the meaning of our measure.

*Our approach has launched a collection of seemingly
open, basic, mathematical questions in Computational
Algebraic Geometry (after consultation with experts).

* This 1s 1nitial work.
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