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The idea of ranking geometry theorems

Wos Research Problem 31 (1988)

What properties can be identified to permit an automated reasoning program to 
find new and interesting theorems, as opposed to proving conjectured theorems?

Also studied by
 Colton and Bundy (2000)
 Puzis, Gao and Sutcliffe (2006)
 Gao, Goto and Cheng (2015)
 Gao, Li and Cheng (2019)
 Quaresma and Graziani (2023)



We present a new GeoGebra Discovery command, ShowProof, which 
provides

• a certified step-by-step algebraic proof, and
• complexity grade of planar geometry theorems.

The output is available in multiple languages (English, Arabic, French , 
German, Hebrew, Hungarian, Italian, Spanish and Turkish ) and can be 
exported as plain text to a

• Mathematica,
• Maple or
• Giac

format for further analysis.



Why are we interested in 
proof certificates, complexity degree 

computations?



a) improving the performance of GeoGebra regarding the 
grade of the addressed problems, 
b) or by selecting, in the Discover or Automated 
Geometer command output, to exhibit only interesting 
theorems, avoiding obvious, trivial ones, etc. 
c) adapting GeoGebra’s reasoning tools to the needs of 
students with special needs,
d) analyzing the potential role of GeoGebra concerning 
geometric problems posed in mathematical contests, such 
as the mathematical Olympiads, etc.



e) Providing benchmarks for Data Science 

Hongbiao Gao, Yuichi Goto, and Jingde Cheng. A Set of Metrics for Measuring Interestingness of Theorems in Automated Theorem Finding by Forward 
Reasoning: A Case Study in NBG Set Theory. Springer International Publishing Switzerland 2015. X. He et al. (Eds.): IScIDE (Intelligence Science and 
Big Data Engineering. Big Data and Machine Learning Techniques) 2015, Part II, LNCS 9243, pp. 508–517, 2015. DOI: 10.1007/978-3-319-23862-3 50

H. Gao, J. Li and J. Cheng, "Measuring Interestingness of Theorems in Automated Theorem Finding by Forward Reasoning: A Case Study in Tarski's 
Geometry," 2018 IEEE SmartWorld, Ubiquitous Intelligence & Computing, Advanced & Trusted Computing, Scalable Computing & Communications, 
Cloud & Big Data Computing, Internet of People and Smart City Innovation (SmartWorld/SCALCOM/UIC/ATC/CBDCom/IOP/SCI), 2018, pp. 168-173, 
doi: 10.1109/SmartWorld.2018.00064.

Gao, H.; Li, J.; Cheng J. Measuring Interestingness of Theorems in Automated Theorem Finding by Forward Reasoning Based on Strong Relevant Logic. 
In: 2019 IEEE International Conference on Energy Internet (ICEI), pp. 356–361, doi:10.1109/ICEI.2019.00069. 

f) Collaboration with ChatGPT, AI

F. Botana, T. Recio, M.P. Vélez: On using GeoGebra and ChatGPT 
for geometric discovery (Computers -3105885) 

https://www.mdpi.com/2079-3197/12/2/30

https://www.mdpi.com/2079-3197/12/2/30


Even if the question (defining “interesting results” for automated 
methods to take into consideration) goes back to 1988, 35 years ago, is 
now urgent and new because

--other colleagues are approaching the same issue, with a different 
perspective 
--we have a tool that produces automatically geometric statements, it is 
necessary to have a tool to select them 
--colleagues are approaching the automated production of, say, olympiad
problems, so “measuring” its difficulty could be relevant
--likewise, we could apply our approach to assessing teachers on the 
selection of mathematical problems adapted (their difficulty) to students 
with special needs.



Ranking geometry theorems
                 Our proposal – via algebraic geometry

Difficulty:
Comparison of

the expression of thesis
in terms of

the expression of the hypotheses



Input and output
Given:
• Free points F1, F2, . . ., Fm and constructed (dependent) points D1, D2, . . ., Dn 

via construction steps (hypotheses) h1, h2, . . .(as multivariate polynomials 
over Q).
• A geometric statement (thesis) t (as a multivar. poly over Q).
• Expected: to get a machine generated readable proof for h1, h2, . . . ⇒t.
• Output: If required, some additional hypotheses (non-degeneracy conditions) 
   hr are detected, and it is certified with polynomials f1, f2, . . . , f_{r+1} that 
   

f1·h1 +. . . + fr·hr + f_{r+1}(t·z−1) = 1

where fi are polys in the slack variable z and in the variables appearing in the 
hypotheses eqs. (Proof by contradiction: 0= 1.)



Triangle A (a1,a2), B(b1,b2), C(c1,c2)
Hypothesis: Right angle at A
AB perpendicular to AC: (a1-b1)*(a1-c1)+(a2-b2)*(a2-c2)

>Expand: 
a1^2 - a1*b1 - a1*c1 + a2^2 - a2*b2 - a2*c2 + b1*c1 +

b2*c2
Thesis: Pythagoras’ Th.
(a1-b1)^2+(a2-b2)^2+ (a1-c1)^2+(a2-c2)^2=(c1-b1)^2+(c2-b2)^2

> Expand: (a1-b1)^2+(a2-b2)^2+ (a1-c1)^2+(a2-c2)^2-((c1-b1)^2+(c2-b2)^2)
2*a1^2 – 2*a1*b1 - 2*a1*c1 + 2*a2^2 - 2*a2*b2 - 2*a2*c2 + 2*b1*c1 +   

2*b2*c2
Thesis= 2* Hypothesis

(complexity 0)



Proof by contradiction: 

Hypotheses+ Negation of Thesis = 1

1= z* 2*hypothesis-(thesis*z-1)

Here, complexity 1.





































Questions: 
Is there a better algorithm than this one? 

Do we need to compute full Gbasis for deciding if Elimination is 
zero or if Ideal is 1? 

Monomial order dependence?

One that guarantees computing the lowest degree?

Adding non-degeneracy conditions, how to grade their discovery?



• Is there a relation of degree of syzygies and complexity
of membership problem (for example, if thesis is in the
ideal of hypotheses)? 

• Is there a relation between the degree of syzygyies in the
reductio ad absurdum and the minimal power of the
thesis in the radical of hypotheses? 



Over the reals: 
Generally true: t=0  holds over irreducible components of V(h1, …, hr) over 
the reals, where {free} are independent.

Projection(V(h1,…,hr, t*z-1) over ℝ^{free} ⊑ Hypersurface

If n belongs to this elimination ideal, then

1 belongs to the real radical   <h1,…,hr, t*z-1, n*w-1>

And showing 1 as a combination of {h1,…,hr, t*z-1, n*w-1} is a proof 
certificate , complexity measure.



REAL Questions

Is there a specific algorithm to decide if a projection is proper?

Is there an (implemented) algorithm to decide if 1 is in the real radical 
of an ideal I=<f_1, …,fr>, and to compute the “simplest”  
Nullstellensatz-like expression (degree of SOS, degree of p_i) 

1+ SOS=p1*f1+…+pr*fr



Proving/involving inequalities:

Given H:={f_1=0,…,f_r=0, g_1>0, …., g_s>0}

T = 0 over H iff....
T ≥ 0 over H iff....
T > 0 over H iff....

Expression, algorithm, degree of involved expressions



Currrent work:

benchmark /comparison difficulty of humans/ AI bots

extending method to inequalities

solving many involved computer algebra problems related to 
our approach



•We have yet to perform a large number of tests (with 
different statements: labeled as old, new, basic, 
advanced, etc.) to get some “human” perception about 
the meaning of our measure.

•Our approach has launched a collection of seemingly 
open, basic,  mathematical questions in Computational 
Algebraic Geometry (after consultation with experts).

•This is initial work.
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